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We present a class of new black hole solutions in .D-dimensional Lovelock gravity 
theory. The solutions have a form of direct product M m x TC n , where D = m + n, 7i n 
is a negative constant curvature space, and the solutions are characterized by two 
integration constants. When m = 3 and 4, these solutions reduce to the exact black 
hole solutions recently found by Maeda and Dadhich in Gauss-Bonnet gravity theory. 
We study thermodynamics of these black hole solutions. Although these black holes 
have a nonvanishing Hawking temperature, surprisingly, the mass of these solutions 
always vanishes. While the entropy also vanishes when m is odd, it is a constant 
determined by Euler characteristic of (m — 2)-dimensional cross section of black hole 
horizon when m is even. We argue that the constant in the entropy should be thrown 
away. Namely, when m is even, the entropy of these black holes also should vanish. 
We discuss the implications of these results. 
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I. 



INTRODUCTION 



With the development of string theory, supergravity and brane world scenarios, over 
the past years, gravity theories have been widely studied in higher dimensions. In the 
low-energy approximation, Einstein general relativity naturally arises from string theories. 
As corrections from massive states of string theories and from loop expansions in string 
theories, some higher derivative curvature terms also appear in the low-energy effective 
action of string theories 

HQ. 

Therefore it is of great interest to discuss potential roles 
of those higher derivative terms in various aspects, for example, in black hole physics and 
early universe. Indeed, there exist a lot of works on higher derivative gravity theories in the 
literature. 

In this paper we focus on a class of special higher derivative gravity theory, namely, Love- 
lock gravity [3j, which is a natural generalization of general relativity in higher dimensions in 
the sense that the equations of motion of Lovelock gravity do not contain more than second 
order derivatives with respect to metric, as the case of general relativity. The Lagrangian 
of D-dimensional Lovelock gravity consists of the dimensionally extended Euler densities 

p 

£ = ^c fe £ fc , (1.1) 

fc=0 

where p < [(D — l)/2]([iV] denotes the integral part of the number N), c& are arbitrary 
constants with dimension of [Length] 2fc_2 ; and are the Euler densities 



Here, the generalized delta is totally antisymmetric in both sets of indices. Cq = 1, so the 
constant Co is just the cosmological constant. C\ gives us the usual curvature scalar term, 
and for simplicity, we set c\ = 1, while Li is just the Gauss-Bonnet term. The Gauss-Bonnet 
term is argued to appear in the low-energy action of heterotic string theory with a positive 
coefficient [l|. The equations of motion following from the Lagrangian ( j 1.1ft have the form 
Qau = 0, where 



k=0 

Since the action of Lovelock gravity is the sum of the dimensionally extended Euler densities, 
there are no more than second order derivatives with respect to metric in its equations of 
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motion. Furthermore, the Lovelock gravity is shown to be free of ghost when expanded on 



a flat space, evading any problems with unitarity 

Finding exact analytic solutions of any gravity theory is an issue of long-standing interest. 
Indeed, there exist a lot of works to discuss exact black hole solutions for Lovelock gravity 
in the literature. The static, spherically symmetric black hole solutions in the theory have 



been found 

have been studied in |6 
studied in 



in Q,B,|131PjlO| 



and discussed 



111 ], and topological nontrivial black holes 
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lsjajlj Some rotating solutions in Gauss- Be n mot theory have been 
13) . However, a general rotating solution is still absent even in Gauss-Bonnet 
gravity. See also [l4, for some other extensions including perturbative AdS black hole 
solutions in the gravity theories with second order curvature corrections. For a nice review 

n 

of black holes in Lovelock gravity, see [16J. 

Recently, Maeda and Dadhich presented a class of exact solutions in Gauss-Bonnet grav- 
ity 17, 18, Ji], 20] (Some similar black hole solutions have been found in Codimension-2 



brane world theory [2jJ, [22]). They assumed the spacetime has a direct product structure 
(one is a four /three-dimensional spacetime, the other is a negative constant curvature space), 
and then split the equations of motion into two sets according to the direct product structure 
of spacetime. For a suitable choice of those coefficients in Gauss-Bonnet gravity so that the 
set of equations of motion for the four/three-dimensional part is trivially satisfied, the set 
of the equations of motion for the negative constant curvature space part then reduces to a 
single equation. Solving the latter yields a class of new exact analytic solutions for Gauss- 
Bonnet gravity. This class of the solutions has two integration constants; one is argued to 
be related to the mass of the solutions and the other behaves like a Maxwell charge. The 
Maxwell charge is called "Weyl charge" due to the existence of the extra negative constant 
curvature space. This class of solutions is quite different from the normal ones in the sense 
which will become clear shortly. Quantum properties of those black hole solutions have not 
yet been studied so far. 

In this paper, we consider a general Lovelock theory instead of the Gauss-Bonnet theory, 
and seek for more general black hole solutions and study their thermodynamics. The outline 
of the paper is as follows. In Sec. IL we present a class of new black hole solutions in the 



general Lovelock theory, following [itI. 1 1 8 i . hi See. (II. wo study thomiodynamic properties 
of those black hole solutions. Sec. IV is devoted to conclusion and discussion. 



n 
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II. GENERAL BLACK HOLE SOLUTIONS 



A. Equations of Motion 

Consider a D(= m + n)-dimensional spacetime X, locally homeomorphic to M. m x N n . 
We assume the metric of this spacetime has the form 

ds 2 = g ij dx i dx j + rlj ab dy a dy b , (2.1) 

where g^dx l dx^ is the metric on M. m with the coordinates {x\i = 1, • • • ,m}, r is a 
constant and r y a bdy a dy b is the metric on the n-dimensional space M n with the coordinates 
{y a , a —, 1, - • • , n}. M n is a constant curvature space with curvature k = ±1, 0. It is easy 
to find that the components of the Riemann tensor for (12.11) have the form 

p p p kl p kl 

J^ijkl J^ijkli -^Hj i 

D D D cd D cd fo 0\ 

ttabcd — J^abcdi J^ab — tiab , 

where Riju and R a bcd denote the components of Riemann tensor on Ai m and M n respectively. 
For Af n , we can write the R a bcd as 

Rabcd = kr 2 ( laclbd - ladlbc ) , R ab cd = . (2.3) 

r o 

According to the decomposition of the Riemann tensor (12.21) . we can decompose the equa- 
tions of motion (jl.3p into m-dimensional and n-dimensional parts: 

p i 

» j — 2 fc+1 • jAl " Afc,Jl '" <Jfe 

fc=0 

? 1 

G a , — > r , AWi-VkVi-Vk dAkti . . . pA fc <T fc _ q /Q 4^ 

^ b - 2 fe+1 6Al " AfeCTr " CTfe ^ 1U1 Mfc^ _u ' 

fc=0 

Other components (such as Q l a ) automatically vanish. Since i, j run only in the range 
{1, • • • , m}, and R^ki can appear in the products U RR - • •" no more than q = [{m — l)/2] 
times, we have 

p 

ni _ ST^ ° k pAicri _ _ _ pAfcO-fc 

fc=0 

N^Nl l Cfc rifclil— faitci— Cfc-tdi— dfc-t p mini p mtnj 
~~ Z-f Z-e W i 2 fe + 1 jmini-mtntei-ek-tfi-fk-t kltl ktk 
t k=t ^ ' 

xR Cldl ^-..R Ck _ tdk _ t ^-t. (2.5) 
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Substituting Eqs. (12. 2p and (12.31) into (12. 5p and using the identity 



^:^ 5 ? P -Z = 2 [r - (p - 1)] [r - (p - 2)] , (2.6) 

where r denotes the range of the index (r = m for M. m and r = n for A/" n ), we have 

f \ fc-r 
k 



s>> = E 



t=o 



where 



y-A\ (D-m)\ 
^ W Cfc (D-m-2(fc-t))! Vr 2 



cikih---ktk ID mini p mtn t 

Oi m „„.... m .„.rLkili ■ ■ ■ -tikth 



'{t)j 



(t)j c^t+X jmini-mtnt 



(2.7) 



(2.8) 



Similarly, we have 



na _ \ ^ c k ^aui - fi k i/i - u k jyXiai p 

y b - 2 k+1 bXv " Xkr7i ' ak cw" 



^fe°"fc 



fc=0 
s p 



\ r \ / k\ C k <-akih—ktl s ci—c k - t di—d k ^t p mam p m t n t 

U J 2*+! b™>ini"mtntei-e k - t fi -/*_ t klh ' ' ' kth 

t=0 k=t V ' 

v R , ei /i . . . P , e k-tfk-t 



(2.9) 



where s = [m/2]. Substituting Eqs. (12. 2ft . (12.31) and (12.61) into the above equation, we can 
express it as 



G a b 



NE 



t=o 



E 



Cfc 



(D-m-1) 



' Vv P - m - 1 - 2(ife - *))! 



A- 



fc-f 



where 



xkih---k t lt p mini p m t n t 

mini— mjnt "^fci'i ' x k t l t 



(2.10) 



(2.11) 



Note that is always proportional to <5£, which is a crucial point to our discussions below. 
Let us note that if the following equations are satisfied 



— E© 

k=t v 7 



Ck 



(D-m)\ (k 



(D - m - 2(k - t))\ \r, 



k-t 



t = 0, •• • ,q, 



(2.12) 



then the equations of motion (12.71) are always trivially satisfied. These are (q + l)-linear 
equations for c , • • • , c p . Recall c% — 1 and if we consider the case with 

m — 1 



p = q + 1 



1- 



(2.13) 



then the equations (12.121) indicate that cy.{k ^ 1) has a unique expression in terms of (k/r^j 
and dimension D. When k — — 1 (which implies that A/" n is a negative constant curvature 
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space. It will be denoted by 7i n in the following discussion.) and D > m + 2, we find that 
all Cfc are positive. Some examples will be given soon. 

Now we turn to the equations of Q a b- Due to the fact that Q a b is proportional to S a b, the 
equations Q a b = reduce to a single equation 

s 

= ^ (2.14) 

8=0 

where the coefficients a^s are given by 



Oti = 

k=i 



shf k \ {D-m-l)\ fk\ k ^ 

^U) Ck (D-m-l-2{k-i))\ \r$ ) ' (2 ' 15) 



and Cfc are determined by solutions f)2.12p . 

Let us further assume the m-dimensional metric <?jj takes the form 

g = -f(r)dt 2 + -^-dr 2 + r 2 dY? m _ 2 , (2.16) 

where dY? m _ 2 is the line element of (m— 2)-dimensional surface with constant scalar curvature 
(m — 2)(m — 3)5. Without loss of generality, 5 can be set to ±1 or zero. It is easy to find 
that the nonvanishing components of the Riemann tensor are 



R tr tr = - J Y , R% = R% = -t-Sj, R ij H = 5 -^8%, (2.17) 



where the prime stands for derivative with respect to r. The Euler density then has the 
form 



(m-2)\ fS-fY , A . (m-2)! / f \ fS-f 



+ 4i 



i-1 



(m — 2 — 2i)\ \ r 2 J (m — 1 — 2i)\ \ 2r J \ r 



(m — 2i)\ \ 2 ) \ r 2 J (m — 2i)\ \ 2r J \ r 2 

(2.18) 

Defining 

5 - f(r) 

F{r) = —£^-, (2.19) 

Li can be rewritten as 

U = (r m F(ry)" . (2.20) 

Finally Eq. (I2.14p becomes 

s 

= J2a l {r m F(r) i )" , (2.21) 

i=0 
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where 

(m — 2V 

The solution to ( 12.211) is determined by the algebraic equation 

y>W = ^r + -^ , (2.23) 

i=0 



where M, Q are two integration constants 



N 



mass and Weyl charge of the solution 



y 



23 



aively one may think they are related to the 



241 ] . respectively. But actually the integration 



constant M has nothing to do with the mass of the solution, which will be shown shortly. 
The constant Q may be positive, zero and negative. Here some remarks are in order. 

(i) Since Q% ~ 5%, the equations Q% = reduce to a single equation (12.141) . This is very 
different from the normal case in Lovelock gravity, where Q% is not proportional to 5% even 
under a spherical symmetric assumption. For example, the equation Q\ = of Lovelock 
theory will give a first order differential equation like 0, [f| 

= 5>(r m - 1 F(rf)' , (2.24) 

i=0 

in the static, spherically symmetric case. In that case, there is only one integration constant, 
which is nothing but the mass of the solution Q]. In the present case, one has only one 
traceless-like equation, which is a second order differential equation. There is therefore one 
more integration constant Q in the present case. 

(ii) If Q = 0, Eq. (I2.23P is very similar to the corresponding one for static, spherically 
symmetric black hole solutions in Lovelock theory 0, Q]. However, there are two obvious 
differences: one is that here the coefficients a,- are all fixed by klri and D, while in the 

n n 

normal case, those coefficients are free parameters [5|, 16|]. We will show this below. The 
other is that in Eq. (12. 231) . the range of i is [0, • • • , s = [m/2]], while in the normal case, the 
range is [0, • • • , [(m — l)/2]]. Therefore when m is even, % can take the value [m/2], which 
will not appear in the normal case. 

(iii) Since all c?o are fixed by Eq. (12 . 12[) and they are all positive constants, the solutions 
are not asymptotically flat, but asymptotically AdS spacetimes. 
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B. Black hole solution with M = 

The spacetime (12.160 describes a black hole provided f(r + ) = and f(r) > with r > r + . 
Here r = r + is called black hole horizon. We can see from (12.231) that even if the "mass" M 
of the solution vanishes, black hole horizon can still exist. To show this, let us discuss the 
solution F = F of Eq. (12T23D with M = 0: 

£^ = £ ( 2 - 25 ) 

with horizons. Assume /o(^) = at some positive f, and we have 

f 2 F (f) = 5 or F„(f) = ^2 . (2.26) 
That is, f must satisfy the following equation 

^i>Giy = G- (2-27) 

i=0 ^ ' 

In order for the equation to hold, the constant Q must satisfy some constraints. We will 
discuss these constraints in the cases of 5 = and 8 = ±1, respectively. 

(i) . 5 = 0. This case is simple. In this case, only one term in (12.270 remains. We have 

f m a = Q, (2.28) 

Since o?o > 0, this indicates a positive f exists provided Q > 0, and f is just the horizon 
radius r + . 

(ii) . 5 = ±1. If m is odd, one then has s = (m — l)/2, and 

f m a ± f m " 2 ai + • ■ ■ + (±l) s fa s = Q . (2.29) 

Obviously, because all coefficients {o?o, Si • • • 5? s } are positive, and especially 5? > 0, 
Eq. (12.291) has at least one positive root f if Q > 0. The black hole horizon r + is just 
the largest positive root of Eq. (12.291) . 

On the other hand, if m is even, one then has s = m/2, and 

f m a ± f m - 2 a! + • • • + (il)- 1 *^-! + (±l) s a s = Q . (2.30) 

From the theory of polynomial, the above equation has at least one negative root and one 
positive root if «o [(±l) s «s — Q] < 0. Recall o?o > 0, and this condition can be always 
satisfied if Q > a s . Namely, black hole horizon exists in this case. 

In summary, black hole horizon always exists provided Q — a s > 0, even when the 
parameter M vanishes. 
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C. Examples of exact solutions 

To be more explicit, in this subsection, we give some simple examples of exact solutions 
given in (|ZZ3P . 



1. The case of m = 3 ; p = 2, D > 5 



In this case, Eqs. (12.121) give 



We then have 



Co = Im 2 _ 3D - 6)r n 2 , c 2 = — -r 2 (2.31) 

o 2 v ) o , 2(D-3)(D-4) V ; 



a = r^n , ax = . 2.32 

3(D-3) -D-3 V ; 



Equation ( 12.231) for F becomes 



« + a x F = ^ + 9. , (2.33) 



which has the solution 

f = ~M — — + « r 2 ) . (2.34) 
«i \ r / 

Here we have used the fact that the [m — 2)-dimensional constant curvature space is always 
Ricci flat for m = 3, i.e., 5 = 0. Since So is always positive, this solution is just a BTZ black 



hole deformed by the additional charge Q. This kind of solution has been obtained in 18j 



2. The case of m = 4, p = 2, D > 6 



In this case, Eq. (12. 12ft give 



c = -(D 2 -5D -2)r n 2 , c 2 = ^ -r 2 . (2.35) 

o 2 v ;o ; 2 2(Z>-4)(£>-5) v ; 



We then have 



2D -11 _ 2 2 _ 1 2 . 

a ° = Z[b—^f° ' ^ = ' " 2 = (D-4)(D-5) r ° • (2 ' 36) 



The equation for F becomes 



So + aiF + a 2 F 2 = % + — A , (2.37) 



10 



which has the solution 



a-i ( / 4o ; n5'2 4S 2 M 4S 2 Q . 

nr) = -7^-\ 1 tJi~^ t 1 + ^ t + ^ , 2.38 
2a 2 I V a{ a\ r 6 af r 4 ' 



f( , x a x r 2 4a a 2 . 4a 2 M Aa 2 Q \ , , 

f[r) = 5+—^[ IT 4/1 — — + ^r^- + ^^ • 2 - 39 

2a 2 \ V a i a i r a i r / 

This solution with two branches is just the one recently obtained by Maeda and Dadhich 



in 



171 ] . It is easy to see that for D > 6, we have 



4 

S? - Aa a 2 = — -7 r > , (2.40) 

1 3(D-4)(Z>-5) V 7 



So the vacuum AdS solution (M = Q = 0) always exists. 



3. The case of m = 5, p = 3, D > 7 



Equations (12.121) in this case lead to 



D 4 - 10D 3 + 11L> 2 + 22£> + 360 _ 2 
C ° ~ 3(^2-7,0 + 4) r ° ' 

1 2 

° 2 (D 2 -7D + 4) r °' 

c 3 = ^ 77 zrt. (2.41) 

3 3(D 2 -7D + 4)( J D-5)(D-6) V ; 



Then the corresponding a are 



4(5L> 2 - 67£> + 225) 
- 7D + 4)(i 
8{2D- 13) 
(-D 2 - 7L> + 4)(L> - 5) 



a ° 5(D 2 -7D + 4)(D-5) r ° ' 



Q'l 



12 

"2 = -7—5 77 7^n- (2-42) 

2 (D 2 -7Z> + 4)(Z>-5) V ; 



The equation for F is still in second order and has the solution 



j-i/ \ «i /-, 4 «o«2 . 4S 2 M 4S 2 Q . 

2a 2 \ V af af r 4 r & 



f( , x air 2 I 4a S 2 4« 2 M 4a 2 Q . 
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This solution is an example with the third order Lovelock term. Note that when m = 5, 
the solution also has two branches. In addition, it is also easy to see that the vacuum AdS 
solution exists, because 

64(5£> - 34) 
ai ~ 4a ° ai = 5(^-7D + 4)p-5) > 

for D > 7. 

III. THERMODYNAMIC PROPERTIES OF BLACK HOLE SOLUTIONS 
A. Naive consideration: m-dimensional black holes 

The black hole spacetime has a direct product form M. m x 7i n , where 7i n is a negative 
constant curvature space with a constant radius tq. From the point of view of usual Kaluza- 
Klein dimensional reduction, the thermodynamics for the whole spacetime is equivalent to 
that for m-dimensional black hole with redefined gravitational constant G m = G m+n /Vol(n). 
Here G m and G m+n are gravitational constants in m dimensions and (m + n) dimensions, re- 
spectively, while Vol(n) is the volume of the constant curvature space 7i n . In this subsection, 
we will discuss the black hole thermodynamics from the point of view of m dimensions. 

Assume that black hole has a horizon at r+, which is the largest positive root of f(r) = 0. 
The horizon radius then must satisfy 

F(r + ) = — , or r 2 + F(r + ) = 5. (3.1) 
r + 

The Hawking temperature of the black hole can be easily calculated by Euclidean method. 
To avoid conical singularity at the horizon, the period of Euclidean time should be (3 — 
47r//'(r+), and the Hawking temperature is just the inverse of the period. This way we get 
the temperature of the black hole 

s =rs^=-s(" + ^0- (3 - 2) 

To get the explicit form of the Hawking temperature in terms of black hole horizon, we have 
to give the expression of F' . Taking derivative on both sides of Eq. ( 12.231) with respect to 
r, one has 

F'(r + ) = - ^-mr + + mQ^ ^ 
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On the other hand, from the equation (12.231) . we have 



..o 



Thus we can express F (r + ) as 



F (r+) = , rhr 1 > (3-5) 

and the Hawking temperature has the form 

X = 1 T- ( £(™ - 2, - 1)<M (^) 1 1 + • (3-6) 

Clearly, if we choose a suitable Q, the Hawking temperature may vanish. This case corre- 
sponds to the "extremal" black holes with vanishing Hawking temperature. For example, 
when m = 4, choosing 

Q = — 3<5o?"+ — axr + 8 + a.2<? (3.7) 

will lead to a vanishing temperature. 

To get the mass of the black hole, we expand the metric goo in the large r limit, subtract 
the corresponding one for a suitable reference background solution Fb, and then read off the 
mass with the coefficient in front of some power of the radial coordinate r. Here we choose 
the vacuum AdS solutions with vanishing M and Q as the reference background, i.e., 

s 

$>^ = 0. (3.8) 

i=0 

For large r, we can expand F as F = Ff, + AF with the leading order correction AF. We 
arrive at 

AFj2^ l Fr = AFa = -^ I . (3.9) 

i=0 



Here the constant a is given by 



J^icMf- 1 . (3.10) 



a 

For solutions in some branch, a may be negative. However, we only consider the cases with 
positive a here. So we find the expansion of metric around the background as 

M _ 167rG m 9Jt 

a r m ~ 3 ~ (m - 2)V m - 2 r n 



9tt ~ g m = ~f + fb = r 2 AF « ^ = — _ m . (3.11) 
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Thus we find that the mass of the black hole 9Jt has a relation to M as 



M 
a 



lQ7rG m Tl 



(3.12) 



m - 2)V m - 2 

where V m _2 is the volume of (m — 2)-dimensional cross section of horizon surface. The mass 
can be expressed in terms of horizon radius r + and Q as 

(m - 2)V m ^ 2 ( Q 

t- /'+ 

i=0 



971 



16nG m a 

and its variation with respect to the horizon radius is 

'dm 



(3.13) 



<9r . 



(m-2)V m „ 2 rm _ A 

\QltGmOi 



\^(m — 2i — l)Sj5 ( -o" | 



i-1 







„m-2 



(3.14) 



Since we are dealing with black holes in higher derivative gravity theory, the well-known area 
formula for black hole entropy breaks down. Let us try to obtain the black hole entropy by 
integrating the first law of the black hole thermodynamics 
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i- 1 dm 



r+ 



-1 



dm 

dr + 



dr< . 



(3.15) 



(i). When m is even, s takes the value m/2. The integral gives 



6 



V, 



i' 1 dm = 

s-l 

E 



'dm 



T" 1 



m-2 



AG m a 



m 



i=l 



m — 2% 



i a^r™- 2 * + s{s - l)a s 5 s ' 1 In (r 2 + ) 



6r 



(3.16) 



The last term ©o is an integration constant. Note that here a logarithmic term appears, 

which comes from the fact that s can take the value m/2. 

(ii). When m is odd, s is (m — l)/2. In this case, the integral gives 



6 



i^dm 



I- 1 



dm 

dr< 



dr A 



Vm-2 

4G m a 



Em-2 . „ 
«,;() r 



i— l„m— 2i 



m — 2i 



+ ©0- 



(3.17) 



Here ©o is also an integration constant. Note that here the integration constant ©o should 
be set to zero because when the black hole horizon shrinks to zero, the entropy of the black 



hole should vanish 



101 ]. However, the integration constant cannot be fixed by the same 



argument in the case of even m, due to the existence of the logarithmic term in the black 
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hole entropy. In addition, let us notice that when the black hole horizon is a Ricci flat 
surface, namely, 5 = 0, not only does the logarithmic term disappear in (13.161) . but also 
both (13.161) and (13. 17f) give an entropy proportional to horizon area. This is also a general 
feature of black hole entropy in Lovelock gravity {(], \lo\ . 

The entropy expressions (13.161) and fl3.17f) look quite similar to the entropy formula of 
static, spherically symmetric black holes in Lovelock gravity |6J, except for the logarithmic 
term in (I3.16p . The appearance of the logarithmic term is strange, although such a term 



appears in the entropy expressions of black holes in Horava-Lifshitz gravity theory [28( , while 
the latter is not a full diffeomorphism invariant theory. For a diffeomorphism invariant 
gravity theory, Wald showed that black hole entropy is a Noether charge j^j; further a 



well-known entropy formula was developed 25|, |26[]. By Wald's entropy formula, black hole 



entropy is given by some integral on the black hole horizon. Therefore black hole entropy 
must be a function of horizon geometry and a logarithmic term will never appear in Wald's 
entropy formula. This may cause suspicion whether the results given above are valid or not. 

Let us notice that the above way to obtain black hole solution in m dimensions is quite 
different from the usual Kaluza-Klein dimensional reduction. In the usual Kaluza-Klein 
theory, with the assumption of direct product of the manifold M. m x 7i n , one gets reduced 
action by integrating the total action over the extra space 7i n . Certainly here too, with the 
assumption of direct product structure of the spacetime, one can get reduced action from 
the total action (11. II) . This reduced action is an m-dimensional version of Lovelock gravity 
as given below in Eq. ( I3.38p . We can get equations of motion ( 12.71) only for m-dimensional 
part but not the n-dimensional part by variation of this reduced action. Obviously these 
are nothing but the usual equations of motion of the Lovelock gravity in m dimensions 
with special coefficients A t 's. For example, when m = 4, these equations are the Einstein 
equations with cosmological constant 

A o9ij + A 1 E lj = , (3.18) 

where Eij is the Einstein tensor in four dimensions, and A and Ai are given in (12.121) . 
Because our solutions are obtained for Aq = A\ = 0, Eqs. ( 13.181) have no information on our 
solutions. Therefore the field equations for m-dimensional part is trivially satisfied, while the 
nontrivial solutions come from the trace equation of gravitational field for the n-dimensional 
part, which is not obtained from the reduced action. So the reduced action certainly exists, 



15 



but it does not give solutions in this paper. If we naively omit the extra dimensions in our 
solutions, the corresponding m-dimensional local diffeomorphism-invariant "effective action" 
is absent, and we have to consider the whole (m + n) -dimensional theory. This is very 
different from the usual Kaluza-Klein theory in which the effective action is just the reduced 
action. As a result, we cannot simply use Wald's entropy formula to get the entropy of the 
m-dimensional black hole. On the other hand, Lovelock theory is diffeomorphism invariant 
and Wald's entropy formula is applicable in the whole (m + n) dimensions. In the following 
subsections, we discuss thermodynamics of the black holes by Euclidean action and Wald's 
entropy formula in (m + n) dimensions, and find quite different and surprising results. 



B. Entropy of (m + n)-dimensional black holes 

From the viewpoint of the whole D(= m + n) dimensions, to study thermodynamics of 
these black holes is straightforward. The temperature of the black holes is the same as the 



re horizon geometry only. In Lovelock gravity, 



27 1 



one in Eq. (13. 2ft because it is determined by t 
Wald's entropy formula can be expressed as 

p r 

6 = ^A-nkck j d D - 2 xC k ^{h) , (3.19) 
k=i 

where Ck-i(h) has the same form as (II. 2p except that metric is replaced by h, which is the 
induced metric on the (D — 2)-dimensional cross section of the horizon. The induced metric 
h is 

h = ~ qij dz l dz 3 + r 2 olab dy a dy b , (3.20) 

where qij is the induced metric of the cross section of the horizon in the m-dimensional part. 
By the similar procedure to get (12. 7h and ( 12.101) . we have 

W P ( /7 l\ / 7-1 M / T \ k—t—1 



, (D-m)\ fk\ 

= « ) 4 " fe ' ( C - m -2(*-i- t) )! UJ 

d D- myr n- m ^ [ d ^ zCt(i) 1 1 ( 3 .2i; 
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where w = [(m — 2)/2]. Define i = t + 1, we have 



w+l 



6 = { A7ri 



p 'k\ (D-m)\ (k^ k - 1 



E 

k=e 



t) K (D - m - 2(k - £))\ \r% 



x 



J d D - m yr°- m Vl j rf m ~ 2 ^-i(g)| • (3.22) 
Thus the entropy can be expressed as 

6 = | 47rM ^ / dD ~ m y r t m V^f j cT- 2 ^_ 1 ( g ~)| , (3.23) 

where An is defined in Eq. (I2.12p . from which we have 

A e = 0, £ = 1,--- ,[(m-l)/2]. (3.24) 

Thus we find from the entropy (13.23!) that when m is odd, G = 0, a vanishing entropy! 
When m is even, the entropy is 

6 = 27rm (r D - m fi D _ m ) c m/2X (S m _ 2 ) . (3.25) 

where fi_o-m is the volume of 7i n , and x(S m _ 2 ) is the integration of Euler characteristic on 
the (m — 2) -dimensional cross section of horizon surface, i.e., 



X (S m _ 2 )= / d^zC^^iq). (3.26) 



For the cross section of horizon surface S m _ 2 , which is a constant curvature space, 
is constant, while in the case of S m _ 2 being a closed manifold, S m _ 2 need not be a constant 
curvature space, and in that case, x(S m _ 2 ) is the Euler number of S m _ 2 up to a constant 
factor. For example, when m = 4, D = 6, we have 

6 = 64tt 2 • 8 ■ c 2 ■ (r 2 £] 2 ) . (3.27) 

Clearly we see that when E 2 is a Ricci flat space, i.e. 5 = 0, the constant entropy vanishes. 
Here the constant means that it is independent of the horizon radius r + and charge Q. 

Now we argue that the constant entropy is meaningless for black hole thermodynamics and 
should be dropped. One simple reason is that when the cross section of horizon surface cr m _ 2 
is a negative constant curvature space, x is negative, giving a negative entropy which does 
not make sense in thermodynamics. Another reason is provided by the following example. 
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Consider a four-dimensional Schwarzschild black hole solution. In this case, the Euler density 
is the Gauss-Bonnet term. If one considers the contribution of the Gauss-Bonnet term to the 
black hole entropy, besides the usual area entropy, one has an additional constant & = 647r 2 C2 
from (13.251) . where c 2 is the Gauss-Bonnet coefficient. Such a constant term remains even 
when the black hole horizon goes to zero. Both of these clearly indicate that the constant 
entropy from the horizon topology should be dropped when black hole thermodynamics is 
concerned. 

Let us illustrate these discussions by two examples of m = 3 and 4. 



1. The case of m = 3, p = 2, D > 5 



In this case, the metric h is very simple, which is just the metric of the constant curvature 
space H n plus the metric of a circle, i.e., 



h = dz 2 + rl^ ah dy a dy b , 



(3.28) 



and Wald's entropy (13.191) becomes 



6 = 4vr / d D ~ 2 x + 8vrc 2 / d n ~' z xR(h) 



J-D-2, 



(3.29) 



Here we have set c\ to unity as before, and R(h) is the scalar curvature of the metric h. It 
is easy to find 



R(h) = (D-3)(D-4) 



2 / ' 



thus we have 



© = 47r(r D - 3 fi D _ 3 )^i 



1 + 2c 2 GD -3)(D- 4) 



k 



o/ J 



(3.30) 



(3.31) 



where V\ is the volume of the circle. Considering k = — 1, and the explicit relation among 
C2, r and D in Eq. (I2.3ip . the entropy identically vanishes. 

Actually, for m = 3, we have w = 0, so £ in Eq. (13.231) can take the value 1 only. Since 
A\ = by Eq. (13.241) . we reach a vanishing entropy from (13.231) . as we have just shown 
above. 
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2. The case of m = A, p = 2, D > 6 

In this case, the metric h consists of the metric of the constant curvature space 7i n and 
the metric of a 2- dimensional constant curvature space £2, i-e., 

h = q tJ d:Jd:J + r 2 olab dy a dy b , (3.32) 

and Wald's entropy is the same as (I3.29p . Now, the scalar curvature R{h) becomes 

R(h) = R{q) + {D - 4)p - 5) (JA , (3.33) 

where R{q) is the scalar curvature of the metric q. Thus the entropy (13.221) has the form 

6 = 47i(r°- 4 n D _ 4 )V 2 1 + 2C2P - 4)(D - 5) (^) + M^r^ttn^) J ^d 2 zR(q) . 



(3.34) 

Using the explicit relation among C2, r and D in equation (12.351) . and k = — 1, we see that 
only the last term remains 

& = 8nc 2 (r°- 4 n D _ A ) J ^fqd 2 zR{q) . (3.35) 

In other words, in this case, the entropy is totally determined by the integration of the Euler 
characteristic R{q) on £2, in agreement with ( 13.251) . Note that the the two-dimensional 
induced horizon q is a constant curvature space with scalar curvature 28. The entropy can 
be further expressed as 

6 = 64tt 2 • 5 ■ c 2 • (r^" 4 fi D _ 4 ) . (3.36) 

In fact, in the case of m = 4, one has w = 1, and i in (13.231) can take values 1 and 2. We 
have A\ = from (13.241) . while A 2 = c 2 - By the general entropy expression (I3.23f) . we arrive 
at the same result as Eq. (13.351) . As argued above, the constant entropy does not make sense 
in black hole thermodynamics, we should drop it and conclude that the physical entropy is 
zero. 



C. Mass and Euclidean action of m + n dimensional black holes 

In this subsection we show another surprising result that the mass of these black holes 
also vanishes. To do this, we employ the Euclidean approach to black hole thermodynamics. 
The Euclidean action Ie of the black holes includes two parts, the bulk and boundary parts, 

I E = I + B, (3.37) 
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where I is the bulk action, while B denotes the boundary term. The bulk part is given by 

I = - (r D - m fi D _ m ) V9d m xL t ^ , (3.38) 

where L t is given by (12.111) . With the metric (I2.16p . we get 

/ = - (rt m n D - m V m . 2 ) {£ / drdr (r^J , (3.39) 

where V m -2 is the volume of the £ m -2 with unit radius. In general, the boundary term B 
is a little bit complicated. For simplicity, we only consider here the case that the highest 
derivative term is the Gauss-Bonnet term, i.e., we deal with the cases with m = 3 and 
m — 4. In that case, the boundary term is given by 
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30] 



B — —2 f d D ^vVh [K + 2c 2 (J - 2E (1V K» V )) 
Jax 



(3.40) 



where we have set c\ = 1 and h is the induced metric on a timelike boundary OX. The 
tensor K^ u is the extrinsic curvature of the boundary, and K is its trace. We denote by J 
the trace of the tensor 

•V = 1 (2KK lxX K\ + K\ a K Xa K^ v - 2K„ x K x °K ai/ - K 2 K^ V ) . (3.41) 

Tensor is the Einstein tensor of the induced metric h. With this boundary term, the 
variation principle is well defined for the Gauss-Bonnet gravity. 

In the following calculations, we consider a boundary dX with a given r 3> r + , and take 
the limit of r — > oo at the end of calculations. 



1. The case of m = 3 ; p = 2, D > 5 

The case of m = 3 is quite simple. Both the bulk and boundary terms identically vanish 
I = B = 0. In fact, in this case all A t are zero and therefore the bulk term (13. 39ft vanishes. 
For the boundary term B, after some calculation, it is not hard to find the tensor = 0, 
and 

2f + rf 



K 



2rv/J 



2c 2 (J - 2E flu K^) = -c 2 (D - 3)(D - 4) ( V p£ ) . (3.42) 
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So the boundary term is given by 

B = -f3r°- 3 n D _ 3 V 1 (2f + rf) 



1 - 



2c 2 (D -3)(D- 4) 



(3.43) 



where ft is the period of Euclidean time. Again, considering the relation among c 2 , tq and 
D in equation (12.311) . the boundary term has no contribution to the Euclidean action. Thus 
the Euclidean action of the black hole solutions is always zero, which leads to the conclusion 
that the energy and entropy of the black holes always vanish. 

In fact, when m is odd, since all A t = 0, both the bulk and boundary terms always vanish. 
Thus the result with vanishing energy and entropy is universal for odd m. 



2. The case of m = 4, p = 2, D > 6 



When m = 4, the bulk action (I3.39j) reduces to 
/ = 4c 2 {rt^D-4V 2 ) (5 [f(5 - f)] r=OQ - 4c 2 (r^ D ^V 2 ) (5 [f'(5 - /)] 



r=rj r 



(3.44) 



where ft is the period of Euclidean time as before. It is easy to find the trace of the extrinsic 
curvature is given by 



K 



4/ + rf 



(3.45) 



and after some calculations, we can obtain 

2c 2 (J-2E^Kn = -^-^^rf[25rl-{D-A){D-h)r 2 ] 

-2f [2(D - A){D - 5)r 2 - 4r 2 + rr 2 f] } 



(3.46) 



Therefore, the boundary term B is 
B = -2 (r°~ 4 n D _ 4 V 2 ) ft 



+2c 2 f(5 -f) + ^f 
r 



1 _ 2 C2(C -4)( g -5) W 2r/+ l rY 



(3.47) 



Note that the equation (12351) or A 1 = gives 1 - 2c 2 (£> - 4)(D - 5)/r 2 = 0. Thus the 
boundary term reduces to 



B = -4c 2 (r D - 4 fi D _ 4 ^ 2 ) ft 



fV -/) + -/ 

r 



(3.48) 
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We thus get the total action 



I E = I + B = -4c 2 {r^Q D ^V 2 ) (3 [f'(5 - /)] - 16/3c 2 {r^ 4 Q D ^V 2 ) J 



. (3.49) 



r 

For our solutions, the second term in the right hand side is divergent when r — > oo. This 
divergence can be removed by the background subtraction method. By subtracting the 
contribution from the reference background with vanishing M and Q, we find that the 
second term does not make any contribution to the Euclidean action and only the first term 
remains. 

Note that (3 = An/ f'(r + ) and / = at the horizon. The first term can be expressed as 

I E = -64vr 2 • 5 ■ c 2 ■ (r^ 4 fi D _ 4 ) • (3.50) 

This is a constant independent of temperature. Considering the relation between the Eu- 
clidean action Ie and free energy F: Ie = f3F, we immediately see that the energy of the 
black holes always vanishes, while the Euclidean action (13.501) gives the constant entropy 
(13.251) found by Wald's formula. 

Thus by calculating Euclidean action and Wald's entropy, we have shown that mass and 
entropy of these black hole solutions presented in the previous section vanish identically. 

IV. CONCLUSION AND DISCUSSION 

In this paper we have presented a class of black hole solutions in (m + n)-dimensional 
Lovelock gravity. The black hole solutions have a direct product structure Ai m x 7i n , where 
7i n is a negative constant curvature space with a constant radius. When m = 3 and 4, these 



solutions reduce to those recently found by Maeda and Dadhich 0, Q, Q, Q in Gauss- 
Bonnet gravity. We have obtained these black hole solutions in a way as follows. We first 
decompose the equations of motion into two sets, one for m-dimensional part and the other 
for n-dimensional part. Then imposing constraints on the coefficients of higher curvature 
terms in Lovelock gravity so that the set of equations of motion for the m-dimensional 
part is trivially satisfied, we solve the trace equation for the n-dimensional part and obtain 
the black hole solutions. Since the trace equation is a second order differential equation, 
integrating the equation gives rise to two integration constants M and Q. 

We have tried to understand the physical meaning of the two integration constants by 
studying thermodynamics of these black hole solutions. The black holes we have found 



22 



are exact solutions in (m + n) -dimensional Lovelock gravity theory. Naively considering 
the solution without the extra dimensions, it appeared that the mass were proportional to 
parameter M as in Eq. (13.121) . By using the first law, we then found that the entropy of 
the black hole would have logarithmic term when m is even. However, we have argued 
that this naive result is not valid for our solutions because the equations of motion for the 
m-dimensional part are trivially satisfied and our solutions come from the trace equation for 
the n-dimensional part. As a result the effective action for the m-dimensional part does not 
make any sense for the black hole solutions. We should consider the black hole solutions in 
the point of view of the whole (m+n)-dimensional spacetime. It is not surprising because our 
theory is intrinsically (m + n)-dimensional. We cannot naively neglect the extra dimensions 
as in the case of the usual Kaluza-Klein theory in which the thermodynamics in higher 
dimensions and lower dimensions are equivalent. 

Then by employing Euclidean action approach to black hole thermodynamics and Wald's 
entropy formula, we have found an astonishing result that both mass and entropy of these 
black holes always vanish identically although there exists a nonvanishing Hawking tem- 
perature for these black holes. Here it may be worth mentioning that when m is even, by 
Wald's entropy formula, the black hole has a constant entropy coming from the topological 
structure of the black hole horizon. But we have argued that the constant entropy should 
be neglected from the point of view of black hole thermodynamics. 

Black hole solutions with a nonvanishing temperature and always vanishing mass and 
entropy look strange. But such a situation has happened in a class of Lifshitz black holes in 
R 2 gravity [31]. There these authors got the solution by adjusting the coupling constant of 
R 2 term to a critical value. Note that the same thing happens here in the class of Lovelock 
black hole solutions since we have chosen a special set of coupling coefficients of higher 
derivative terms in order to get our solutions. 

Let us now try to understand such a phenomenon that a black hole has a nonvanishing 
temperature, but vanishing mass and entropy. Recall that in the R 2 gravity considered 
in 3J|, the resulting Lifshitz black hole solution satisfied 1 + 2aR = 0, where a is the 
coefficient of the term R 2 , which is a crucial point to give the zero entropy of the black 
hole. Let us notice that in the R 2 theory, the factor 1 + 2aR is nothing but the effective 
coupling constant for some polarized graviton. From the equations of motion, it is easy to 
see that the effective gravitational constant turns to be G e ff = G/(l + 2aR). As a result, 
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1 + 2aR = implies that the effective gravitational constant is divergent for the class of 
solutions with 1 + 2aR = 0. Wald's entropy is equal to a quarter of the horizon area in units 
of the effective gravitational coupling 32|. This is the reason why the entropy of the Lifshitz 
black hole has a vanishing entropy. Furthermore, because of G e // — > °o, from the point 
of view of background fluctuations, kinetic terms of those fluctuations always vanish, and 
only potential terms remain. This indicates that there is no dynamics for those fluctuations. 
In other words, there are no excitations of the background spacetime. This might be an 
interpretation why the black hole has no entropy. While the Hawking temperature (surface 
gravity) of a black hole is purely determined by black hole geometry in the sense that the 
Hawking temperature is just the inverse period of the Euclidean time of the black hole, the 
first law of thermodynamics enforces that a black hole has a vanishing mass (energy) if its 
entropy is zero. 

Let us turn to the black hole spacetime discussed in the present paper. In fact the same 
happens here. The part of 7i n is a trivial negative constant curvature space. The effective 
gravitational field equations for the part of m-dimensional black hole spacetime are trivially 
satisfied in the sense that those coefficients in front of some gravitational tensors like Einstein 
tensor are identically zero [see (12. 7p and (12.121) ]. To see this more clearly, one may refer to 
the simple case with Gauss-Bonnet gravity discussed in [17]. The vanishing coefficients are 
correspondent to the factor 1 + 2aR discussed above for R 2 gravity. Therefore, due to the 
special reduction used to find the black hole solutions in the present paper, these effective 
coupling constants from the m-dimensional point of view identically vanish. In this sense, 
the effective gravitational constant G e // diverges as in the case of the R 2 gravity. Then 
the same story goes on as the case of the R 2 gravity and these black holes have vanishing 
entropy and mass. 

If our arguments are true, our above discussions and those in Ref. 3JJ both have im- 
portant consequence on our understanding of the microscopic degrees of freedom of black 
hole entropy. According to 't Hooft's brick wall model 33j], black hole entropy might come 
from statistical degrees of freedom of quantum fluctuations outside the black hole, namely if 
there is no such degrees of freedom of quantum fluctuations, there is no contribution to the 
entropy. The black hole entropy is not merely determined by the geometry of the horizon. 
In the examples discussed above, the Bekenstein-Hawking geometry entropy of the black 
holes always vanishes and the zero entropy is found to be closely related to the fact that the 
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effective gravitational coupling constants are infinity such that any fluctuations are forbid- 
den, there are totally no physical degrees of freedom associated with quantum fluctuations. 
Thus our results provide evidence that black hole entropy comes from statistical degrees 
of freedom of quantum fluctuations around the black hole. No doubt, it is worthwhile to 
further investigate this interesting issue. 
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